COMPATIBILITY OF A NONCOMMUTATIVE PROBABILITY 
SPACE AND A NONCOMMUTATIVE PROBABILITY SPACE 
WITH AMALGAMATION AND ITS APPLICATION 
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Abstract. In this paper, we will consider R-transform theory and R-transform 
calculus for compatible noncommutative probability space and amagamated 
noncommutative probability space (See [18]). By doing this, we can realize 
the relation between scalar-valued R-transforms and operator-valued moment 
series, under the compatibility. 



Voiculescu developed Free Probability Theory. Here, the classical concept of In- 
dependence in Probability theory is replaced by a noncommutative analogue called 
Freeness (See [20]). There are two approaches to study Free Probability Theory. 
One of them is the original analytic approach of Voiculescu and the other one is 
the combinatorial approach of Speicher and Nica (See [19], [1] and [17]). 

To observe the free additive convolution and free multiplicative convolution of 
two distributions induced by free random variables in a noncommutative probabil- 
ity space (over B = C), Voiculescu defined the R-transform and the S-transform, 
respectively. These show that to study distributions is to study certain (_B-)formal 
series for arbitrary noncommutative indeterminants. 

Speicher defined the free cumulants which are the main objects in Combinatorial 
approach of Free Probability Theory. And he developed free probability theory by 
using Combinatorics and Lattice theory on collections of noncrossing partitions 
(See [17]). Also, Speicher considered the operator-valued free probability theory, 
which is also defined and observed analytically by Voiculescu, when C is replaced 
to an arbitrary algebra B (See [19]). Nica defined R-transforms of several random 
variables (See [1]). He defined these R-transforms as multivariable formal series in 
noncommutative several indeterminants. To observe the R-transform, the Mobius 
Inversion under the embedding of lattices plays a key role (See [19], [17], [5], [20], [20], 
[17], [31] and [32]). 



In [20], [19] and [20], we observed the amalgamated R-transform calculus. Actu- 
ally, amalgamated R-transforms are defined originally by Voiculescu (See [11]) and 
are characterized combinatorially by Speicher (See [19]). In [20], we defined amal- 
gamated R-transforms slightly differently from those defined in [19] and [11]. We 
defined them as B-formal series and tried to characterize, like in [1] and [17]. The 
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main tool which is considered, for studying amalgamated R-transforms is amal- 
gamated boxed convolution. After defining boxed convolution over an arbitrary 
algebra B, we could get that 

Ik,. , H R S yT™£ B) = R XlVl ,..., X3 y 3 , for any a G N, 

where x/s and y/s are free B- valued random variables. 

In this paper, we will consider the relation between a noncommutative probability 
space and a noncommutative probability space with amalgamation over an arbitrary 
unital algebra. Let B be a unital algebra and let A be an algebra over B. If 
E : A — > B is the conditional expectation, then we have the noncommutative 
probability space over B, (A, E). Now, let tp : A — > C be a linear functional. Then 
we have the (scalar- valued) noncommutative probability space (A, tp). We say that 
the spaces (A, E) and (A,tp) are compatible if tp(x) = tp(E(xj), for all x G A. 
Under compatibility, we will consider the scalar-valued R-transform theory and 
amalgamated R-transform theory. 



1. Preliminaries 



1.1. Amalgamated Free Probability Theory. 



In this section, we will summarize and introduced the basic results from [19] and 
[20]. Throughout this section, let B be a unital algebra. The algebraic pair (A, p) is 
said to be a noncommutative probability space over B (shortly, NCPSpace over B) 
if A is an algebra over B (i.e 1b = I a G B C A) and tp : A — > B is a ^-functional 
(or a conditional expectation) ; tp satisfies 

ip(b) = b, for all b e B 

and 

tp{bxb') = btp(x)b', for all 6, 6' e B and x G A. 

Let (A, tp) be a NCPSpace over B. Then, for the given ^-functional, we can 
determine a moment multiplicative function tp = (p^)'^Li G I(A,B), where 

<^ (n) (ai (g) ... (g) o„) = p(a 1 ....a n ), 

for all ai <8> ... <g> a n G A®- 8 ™, Vn G N. 



COMPATIBILITY AND ITS APPLICATION 



3 



We will denote noncrossing partitions over {l,...,n} (n G N) by NC(n). Define 
an ordering on NC{n) ; 

def 

6 = {Vi, V k } < 7T = {Wx, T4^} 4$ For each block V} G 0, there exists only 
one block W p G 7r such that Vj C Wp, for j = 1, k and p = 1, Z. 

Then (NC(n), <) is a complete lattice with its minimal element rl = {(1), (n)} 
and its maximal element 1„ = {(1, ra)}. We define the incidence algebra 7 2 
by a set of all complex-valued functions r\ on D^ =1 (NC(n) x NC(n)) satisfying 
r](9,n) = 0, whenever ^ 7r. Then, under the convolution 

* : 1 2 x 7 2 — > C 

defined by 

6<<j<tt 

I 2 is indeed an algebra of complex-valued functions. Denote zeta, Mobius and 
delta functions in the incidence algebra J 2 by (, n and 5, respectively, i.e 



C(M) = 



5(0, tt) 



1 < 7T 

otherwise, 



1 6» = 7T 

otherwise, 



and /x is the (*)-inverse of (. Notice that S is the (*)-idcntity of I 2 . By using the 
same notation (*), we can define a convolution between I (A, B) and I 2 by 



/ * r](ai,...,a n ; tt) = £ /(?r)(ai <8> ... a n )r](ir, 1„), 



where / G J(A,.B), 77 G 7 2 , tt G NC(n) and a, G A (j = 1, ...,n), for all n G N. 
Notice that / * ry G /(A, £?), too. Let ^ be a moment multiplicative function in 
I(A, B) which we determined before. Then we can naturally define a cumulant 
multiplicative function c= (c^)^^ G I (A, B) by 

c = Lp*fi or Lp = c*(. 



This says that if we have a moment multiplicative function, then we always get 
a cumulant multiplicative function and vice versa, by (*). This relation is so-called 
" Mobius Inversion" . More precisely, we have 
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ip{a\...a n ) = ip( n \ai ® ... ® a n ) 

= ]C c(7r)(ai ® ... <S>a„)C(7r, 1„) 

7re7VC(n) 

= J] c(7r)(ai (g) ... ® a„), 

7r£7VC(n) 

for all aj G A and n e N. Or equivalently, 

cW(ai®...0o n ) = J2 ?(7r)(ai ® ... ® a n )/i(7r, 1„). 

7rGJVC(n) 

Now, let (Aj,^) be NCPSpaces over i3, for all i £ I. Then we can define a 
amalgamated free product of Ai 's and amalgamated free product of <Pi 's by 

A = * B Ai and ip = *np t , 

respectively. Then, by Voiculescu, (A, ip) is again a NCPSpace over B and, as a 
vector space, A can be represented by 



A = B®[®% =1 [ © (A h eB)<8>... ® (A in QB) 

where Q B = kevipi.. We will use Speicher's combinatorial definition of 
amalgamated free product of i?-functionals ; 



Definition 1.1. Let (Ai, ipA be NCPSpaces over B, for all i € I. Then <p — *i<Pi is 

the amalgamated free product of B-functionals ip i 's on A = *bA,i if the cumulant 

multiplicative function c — <p * \x G I(A, B) has its restriction to U Ai, © Ci, where 

iei iei 

c~i is the cumulant multiplicative function induced by ip±, for all iei. i.e 

c(")(a 1 ®...®a„) = | cj n) (ai®-®an) tfVaj G A t 
{ Ob otherwise. 



Now, we will observe the freeness over B ; 



Definition 1.2. Let (A,ip)be a NCPSpace over B. 

(1) Subalgebras containing B, Ai C A (i G I) are free (over B) if we let ip { = 

p> 1^, for all i G I, then *ip>i has its cumulant multiplicative function c such that its 

restriction to U Ai is ®ci, where ci is the cumulant multiplicative function induced 

iei iei 
by each p^ for all j g J. 

(2) Sebsets Xi (i G I) are free (over B) if subalgebras Ai 's generated by B and 
Xi 's are free in the sense of (1). i.e If we let Ai = A lg (Xi, B) , for all i G I, then 
Ai 's are free over B. 
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In [19], Speicher showed that the above combinatorial frccness with amalgama- 
tion can be used alternatively with respect to Voiculescu's original freeness with 
amalgamation. 

Let (A, ip) be a NCPSpace over B and let x\, x s be B- valued random variables 
(s G N). Define (ii, i n )-th moment of x\, ...,x s by 

for arbitrary bi 2 ,...,bi n G B, where (ii,...,i n ) G {1, s}™, Vn G N. Similarly, 
define a symmetric (ii, ...,i n )-th moment by the fixed 6 G B by 

(p(x il box i2 ...b x in ). 

If bo = Is, then we call this symmetric moments, trivial moments. 

Cumulants defined below are main tool of combinatorial free probability theory 
; in [20], we defined the (ii, ...,i„)-th cumulant of x\, ...,x s by 

k n (x n ,...,x t J = c^(x n ®b l2 x %2 <S> ... <8> b in x in ), 

for bi 2 ,...,bi n G B, arbitrary, and (i\,...,i n ) G {l,...,s}™, Vn G N, where c = 
( c< ""' ) )^i is the cumulant multiplicative function induced by <p. Notice that, by 
Mobius inversion, we can always take such B- value whenever we have (it,..., i„)-th 
moment of xi,...,x a . And, vice versa, if we have cumulants, then we can always 
take moments. Hence we can define a symmetric (ii, ...,i„)-th cumulant by bo G B 
of xi, ...,x a by 

tT^'fe - c<")(x 4l ® 6 x 42 <8> ... <8> & x 4 J. 

If &o = Is ) then it is said to be trivial cumulants of x\, x s . 

By Speicher, it is shown that subalgcbras Ai (i G /) are free over if and only 
if all mixed cumulants vanish. 

Proposition 1.1. (See [19] and [20]) Let (A,ip) be a NCPSpace over B and let 
Xi,...,x s G (A, if) be B -valued random variables (s G N). Then xi, x s are free if 
and only if all their mixed cumulants vanish. □ 



1.2. Amalgamated R-transform Theory. 
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In this section, we will define an R-transform of several B-valued random vari- 
ables. Note that to study R-transforms is to study operator-valued distributions. 
R-transforms with single variable is defined by Voiculescu (over B, in particular, 
B = C. See [20] and [11]). Over C, Nica defined multi- variable R-transforms in [1]. 
In [20], we extended his concepts, over B. R-transforms of B-valued random vari- 
ables can be defined as B-formal series with its (ii, i n )-ih coefficients, (i\, ...,i n )- 
th cumulants of B-valued random variables, where (ii, ...,i n ) G {1, s} n , Vn G N. 

Definition 1.3. Let (A, (p) be a NCPSpace over B and let x\, ...,x s G (A, ip) be B- 

valued random variables (s G N). Let z\,...,z s be noncommutative indeterminants. 
Define a moment series of X\, ...,x s , as a B-formal series, by 

M Xu ... iXe (z 1 ,...,z s ) = Y^Li E l p{x il bi 2 x i2 ...bi il Xi n )zi 1 ...Zi n , 

ii,..,» n e{i,...,s} 

where bi 2 ,...,bi n G B are arbitrary for all G {1, s}™ -1 , Vn G N. 

Define an R-transform of X\, ...,x s , as a B-formal series, by 

Rxi,...,x s (^1 1 "'1 X]n-1 E k"n{.3>i\ ? ••••> ) ^ii '"^in ' 

ii,...,» n e{l,...,s} 

with 

k n (x il ,...,x in ) = c^ n \x il ® b i2 x l2 <g) ... <g> b in x in ), 

where bi 2 ,...,bi n G B are arbitrary for all (i2,...,i n ) G {1, s} n_1 , Vn G N. 
Here, c= (c^)^ =1 is a cumulant multiplicative function induced by (p in L(A,B). 

Denote a set of all B-formal series with s-noncommutative indeterminants (s G 
N), by 6|j. i.e if g G G S B , then 

g(z!,...,z s ) = J2n=i E b iu .^ ln z ll ...z ln , 

ii,. ..,»„£{!,...,«} 



where bi lt ... t i n G B, for all (ii, ...,i n ) G {1, s} n , Vn G N. Trivially, by definition, 
M Xli ... iXe , R Xl ,...,x s G 6^. By 1Z S B , we denote a set of all R-transforms of s-B-valued 
random variables. Recall that, sct-theoratically, 

9|j = 11%, sor all s G N. 



By the previous section, we can also define symmetric moment series and sym- 
metric R-transform by 6q G B, by 



M x ^.^°\zi, ...,z s ) = J2n=i E ¥>(xi 1 b Xi 2 ...b x in ) z^...z in 

ii,...,i n e{l,...,s} 

and 

Tfsymm(b )( \ _ v^oo -yp ,symm(b ) / .. \, r 

V^Ij ■■■J j — Z^n=l 2—i ™n \ zi 5 " ' i in ) ii " ' in i 

ii, ..,»„€{!.,...,«} 

with 

kn" 1 ™^^, ...,x in ) = c i - n \x ll ® b x i2 ® ... (gl 6 ^„), 
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for all (<i, ...,*„) € {l,...,s} n , Vn G N. 

If bo = 1b, then we have trivial moment series and trivial R-transform of x\ , .. ., x s 
denoted by M Xi Xg and R Xi Xg , respectively. 

The followings are known in [19] and [20] ; 

Proposition 1.2. Let (A,ip) be a NCPSpace over B and let x\, x s , yi, y p G 

(A,ip) be B-valued random variables, where s,p G N. Suppose that {x\, ...,x s } and 
{yi,...,y p } are free in (A,ip). Then 

(1) Rx 1 ,...,x s ,y 1 ,...,y p ( z l > z s+p) Rxi,...,x s { z l 7 z s) ~\~ Ryi,...,y v ( z s+l> ^s+p)- 

(2) Ifs=p, then R Xl + yi ,...,x s +y s ( z i, -,z s ) = {R Xl x s + R yu ...,y e ) {zi, -,z 3 ). 

□ 

The above proposition is proved by the characterization of frccness with respect 
to cumulants. i.c {x±, x s } and {yi, y p } are free in (A, ip) if and only if their 
mixed cumulants vanish. Thus we have 

k n (p n , ...,p in ) = ® b l2 p l2 <g> ... ® b ln p ln ) 

= (c x © <S) (n) {Ph ® 6 l2 K 2 <g> ... <g> &» n f>» n ) 

J (^ii i • ■• j %i n ) 

\ knillii 7 ■■■7 2/i„ ) 

and if s = p, then 

© y^i 7 • • • 7 y^ri ) 

= c<")((a;i 1 + y< x ) ® 6 ia (a?i a + y i2 ) ® -®b in (x in +y in )) 

= c^(x h <g> b i2 x i2 <g> ... <gi 6 in a; in ) + cW(y ix <g> 6 i2 y l2 <g> ... ® & in 2/ in ) + [Mixed] 

where [Mixed] is the sum of mixed cumulants, by the bimodulc map property 

of c<") 

= k n (xi 1 , Xi n ) + k n (yi 1 , yj n ) + 0^. 

Now, we will define B- valued boxed convolution 0, as a binary operation on 9^ 
; note that if /, g G 6^, then we can always choose free {x±, ...,x s } and {yi, ...,y s } 
in (some) NCPSpace over B, (A,ip), such that 

f = Rx lt ...,x s an d g = Ry 1 ,...,y s - 

Definition 1.4. (%) Let s G N. Let (f,g) G Gf, x 9fj. Defined: 0% x 0% ^ 0% 
by 

(fi9) — {Rxi,...,x 3 ) Ryt,...,y s ) 1 ► Rxi,...,x s ^ Ryi,...,y 3 - 

Here, {x\, x s } and {yi, y s } are free in (A,ip). Suppose that 
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coefii,..,i n {Rxi,...,x.) =c ( " ) (ii, ®b i2 x i2 ®...®b in x in ) 
and 

coef iu ... tin (Ry u ... t y s ) =c( n \y il ®b' l2 y l2 ® ... ® b' in y in ), 

for all (ii, ...,i n ) G {1, ...,s} n , n G N, w/iere bi v b' in G B arbitrary. Then 

COC/ti,...,t n (-Rxi,...,a; s Ry!,...,y s ) 

= E ©Cy) (7rU^r(7r))(a; il 0^ ®b i2 x i2 ®b' i2 y i2 ® ...®b in x in ®b' in y in ) 

ireNC(n) 

— X (^V © kf£>(7r)) ( X H i 2/ii j •••) x i n Vi n )i 

TT<=NC(n) 

where c x @ c y = c \a x * b a v , A x = A\g({x t } s t=1 , B) and A y = Alg ({j/i}f =1 , -B) 
and w/iere 7r U Kr(ir) is an alternating union of partitions in NC(2n) 

Proposition 1.3. (See [20]) Let (A, (p) be a NCPSpace over B and let x\, x s ,yi, ...,y s G 
(A, ip) be B-valued random variables (s G N). If{x\, ...,x s } and {yi, ...,y s } are free 
in (A, ip), then we have 

kn yii •}•■•! %i n y% n ) 

= X {cx®Cy)(irUKr(Tr))(xi 1 ®y il ®bi 2 Xi 2 ®yi 2 ® ...®b in x in ®y in ) 

TreJVC(n) 

denote „ / , S y mm {l B )\ , , 

TreAfC(n) V y 

/or a// (ii, G {1, s}™, Vn G N, 6j 2 , ...,£>i n G B, arbitrary, where c x ®c y — 

c \a x * b a v , A x = Alg ({ Xi } s i=1 ,B) and A y = Alg({ yi } s i=1 ,B) . □ 

This shows that ; 

Corollary 1.4. (See [20]) Under the same condition with the previous proposition, 

^><xi,...,x s U -TL yi ^ y s — -rc X iyi,...,x 3 y 3 ■ 
□ 

Notice that, in general, unless b' i2 = ... = b' in = 1b in B, 

Rxi,...,x s S Ryi,...,y s 7^ Rxiyi,...,x s y s - 



However, as we can see above, 
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R 




= R 



■x 1 y 1 ,...,x s y s 



and 




BRt 



vi »« 



— Rt 



■x 1 y 1 ,...,x s y s t 



where {xi, x s } and {yi, ...,y s } are free over B. Over B = C, the last equation 
is proved by Nica and Speicher in [1] and [17]. Actually, their R-transforms (over 
C) is our trivial R-transforms (over C). 



2. COMPATIBLILTY OF A NCPSPACE AND AN AMALGAMATED NCPSPACE OVER 



In this Chapter, we will use notations defined in Section 1.3. In Section 2.1, 
we will introduce definitions about compatiblity. In Section 2.2, wc will observe 
some cumulant-relations and in Section 2.3, based on Section 2.2, we will consider 
the R-transform calculus. In Section 2.4, we will observe some examples. Suppose 
that we have a unital algebra B and an algebra over B, A. Let xi, ...,a; s 6 A be 
operators (s 6 N). Throught this paper, we will use the following notations ; for 
(ii,...,i n ) G {l,...,s}", n e N, 

knixi! , Xi n ) : (ii, i n )-th scalar-valued cumulants of xi, x Sl 

in the sense of Speicher and Nica. (In our definition, they are (zi, i n )-th 
C- valued trivial cumulants of Xi, x s ) 

K n (xi 1 , Xi n ) : (ii, i n )-th i?-valued cumulants of xi, x s and 
K t n (xi 1 , Xj n ) : (ii, i 7l )-th i?-valued trivial cumulants of Xi, x s , 

in the sense of Chapter 1. 

r Xl ,...,x e (zi, ■■■jZg) : the scalar- valued R-transform of xi, x s , 

in the sense of Speicher and Nica. (In our definition, r Xli ... iXs = R f Xl x , over 



Rx!,...,x e (zi, z s ) : the B- valued R-transform of xi, ...,x s . 

Of course, t Xi __ Xs is an element in 0^. (i.e a formal series over (C) and R X i,...,x B 
is an element in (i.e Informal series). Simiralrly, we will denote a scalar- valued 
moment series of Xi, x s and a B-valued moment series of Xi, ...,x s by 

"K, and M Xu ..., Xe 
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respectively. 



2.1. compatibility. 

In this section, we will introduce the compatibility. Let B be a unital algebra 
and let (A, E) be a NCPSpace over B. Also, let (A, ip) be a NCPSpace, in the sense 
of [1] and [17]. i.e an algebraic pair (A,<p) is a pairing of a unital algebra A and 
a linear functional ip : A — > C. Notice that ip is nothing but a C- functional, in the 
sense of Section 1.1. In [17], Sniady and Speicher introduced compatibility of (A, ip) 
and(A,£). 

Definition 2.1. Let B be a unital algebra contained in an algebra A, such that 
1 B = 1a, and let (A,tp) be a NCPSpace. Let (A, E) is a NCPSpace over B. We 
say (A, ip) and (A, E) are compatible if 

tp(a) = p (E(aj) , for all a E A. 

Suppose that there exists a linear functional ip : B — > C such that 

ip = ip o E, 

then, trivially, (A, ip) and (A, E) are compatible. However, in general, compati- 
bility does not mean the existence of such ip. 

Example 2.1. Let Fk = < <?i, gk > be a free group with k-generators, g±, ...,gk- 
Assume that < a,b >= F 2 . Then we can construct a unital group algebra C[F 2 ] 
and we can define a linear functional tr : C[F 2 ] — ► C, by 



G = <h = aba^b- 1 >=F X =7L. 

Then, similarly, we can define a unital algebra, C[-Fi] = C[Z], as a subalgebra of 
C[F 2 }. Define a C^-functional, E : C[F 2 ] -> C[Fi] by 




e G F 2 is the identity 



otherwise, 



for all E a g9 <= C[F 2 ]. Now, we will put 




E a hh. 

heFi 



Then as a NCPSpace over C[Fi], (C[F 2 ], E) is compatible with (C[F 2 ], tr) . In- 
deed, 
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tr \E( J2 a g g) = tr l J2 a hh = a e = tr \ J2 a g9 , 
\ geF 2 J \heFi ) \geF 2 ) 

for all £ a g g e C[F 2 ] — L(F 2 ). 

<?GF 2 



The following lemma shows the relation between scalar- valued cumulants and a 
^-functional and the relation between scalar-valued moments and a .B-functional. 
In fact the follwoing lemma is just an expression gotten from the Mobius inversion. 
So, at the first glance, this lemma is not so important. However, under the com- 
patibility, if we know i3-moments or B-cumulants, then we can get scalar-valued 
moments and scalar-valued cumulants by using them via the following lemma. For 
example, if we have a NCPSpace (A\ *b A 2 , ip) and an amalgamated NCPSpacc 
over B, (Ai*bA 2 , Ei*E 2 ) which are compatible and if we want to compute scalar- 
valued moments (resp. scalar-valued cumulants) of operators, then we can compute 
B-moments (resp. i3-cumulants), first and then we can get the scalar- valued mo- 
ment series (resp. the R-transform), by using the following lemma. In this case, it 
is more easy to compute £>-moments (B-cumulants) than to compute scalar-valued 
moments (scalar- valued cumulants), directly, because of the relation depending on 
B, in Ai * B A 2 . 

Lemma 2.1. Let B be a unital algebra and let A be an algebra over B (i.e 1b = 
UeBcAj. Let (A, tp) be a NCPSpace and (A, E), a NCPSPace over B, with a 
B-functional, E: A^B. If(A,ip) and (A,E) are compatible and if xi, x s G A 
are operators (s G N), then the ...,i n )-th scalar-valued cumulant of x\, x s 
((ii,...,i n ) G {l,...,s} n , n G N) has the following relation with a B-functional 
E : A—* B ; 



e n <p(e(x Vl ■■■ x v k )) In)- 

ireNC(n) \(v!,...,v k )en J 

Also, under the same assumption, the (i\, ...,i n )-th moment of X\, ...,x s has the 
following relation with a B-functional E : A — > B ; 



^{Xh-Xij = II E II ip(E(x Wl ...x wl ))fj,(6, lfe) 

weNC(n) (v!,...,v k )en \eeNC(k) ( Wl ,...,wi)ee 



Proof. By the Mobius inversion, we have that 

k n {Xi 17 Xi n ) — ^2 (p n (Xi 1 ...Xi n )[l.(lT,l n ) 
■x£NC(n) 



where ^^{■■■) is a partition-dependent scalar- valued moment of x\, x s , in the 
sense of Speicher and Nica 
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= E 11 W^ii, -,£*„) ) M 71 "' 1 ") 

Treivc(n) \ye7T 



where 

¥V(z»i 

if V = Wfe) is a block of n 



= e n </?0v...av) /u(tt, i„) 

7reArC(n) ,t) fc ) Gtt / 

= E II ^(^(^...^J) /i(7T, 1„). 

7reAfC(n) \(vi,...,v k )eTT ) 

Also, by the Mobius inversion, we can get that 

(p(Xi 1 ...Xi n *) — ^ k 7r (^Xi 1 , Xi n ) 
7r£7VC(n) 

where &„•(...) is a partition-dependent scalar-valued cumulant of £1, x s , in the 
sense of Speicher and Nica 

= E U. k v(Xn,...,X in ) 
ireNC(n) Ve-ir 

where 

ky (Xi 1 , . . . , Xi n ) — /Cfc (x^i , • ■ • , Xdj, ) , 

if V = (vi, v k ) is a block of n 

= E II k k {Xvi ) • • • ) X Vk ) 

-ireNC(n) (vi,...,v k )£-n 

= e n ( e n ^(^(^...^jjM^ifc)), 

7r€JVC(n) (ui,...,i; fc )€w \0eiVC(fc) (iui,...,iuj)€0 / 

by the previous discussion for scalar- valued cumulants. | 



Example 2.2. Let B be a unital algebra and A, an algebra over B. Suppose that 
a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are compatible. 
Let xi, ...,xi E A. 

(1) We can compute scalar-valued (1,3, 4) -cumulant of them as follows ; 



k 3 (x 1 ,x 3 ,x i ) = E II p(E(x Vl ,...,x Vk )) ^(n,l n ) ^(tt, 1 3 ) 

7r£WC(3) \(vi,...,i; fc )€ir / 

= p {E(x 1 x 3 x i )) - p {E{x 1 )) p (E(x 3 xi)) - p (E(x 1 x 3 )) p (E(x 4 )) 
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-tp (E( Xl x 4 )) p (E(x 3 )) + <P (E( Xl )) <fi (E(x 3 )) <p (E(x 4 j) . 

(2) Now, suppose that each xj, j — 1, ...,7, is centered over B. (i.e E{xj) = Ob, 
for all j = 1,...,7. ) Then 

k 3 (x\,X 3 ,X 4 ) = (p(E(x lX3 X 4 )) 



= f(K 3 (x 1 ,x 3 ,x 4 )) + K 1 (x 1 )K 2 (x 3 ,x 4 ) + K 2 (x 1} K 1 (x 3 )x 4 ) 

+K 2 (x 1 ,x 3 )K 1 (x 4 ) + K 1 (x 1 )K 1 (x 2 )K 1 (x 3 ) 

= (p(K 3 ( Xl ,x 3 ,x 4 )) , 
since E(xj) = Ki(xj), for all j = 1, 7. So, if Xj 's are centered, then 
k 3 (x 1 ,x 3 ,x 4 ) = (p(K 3 (x-i,x 3 ,x 4 )) . 

We hope that scalar-valued cumulants and operator-valued cumulants have nice 
property under the compatibility such as 



However, in general, the above relation does NOT hold true (See the above 
example (1)). Observe the following ; if x,y G A are operators, then 




ip(Kl(x,y)) 



cp(E(xy)-E(x)E(y)) 
y{E{xy))-y{E{x)E{y)) 



and 



k 2 (xy) = tp(xy) - tp(x)(p(y) 

= <p(E(xy))-<p(E(x))<p(E(y)). 



Thus to get ip (K 2 (x,y)) — k 2 (x,y), we need the following eaulity ; 



<p{E(x)E(y))=<p(E(x))<p(E(y)), 



since 



ip(K%(x,y)) - k 2 (x,y) 
= <p (E(xy)) - y (E(x)E{y)) - (<p (E(xy)) - <p (E(x)) <p (E(y))) 
= <p(E(x))v(E(y))-v(E(x)E(y)). 



If ip : A — ► C is a homomorphism, then it happens, however, in general, we 
cannot guarantee the above equality. For example, suppose that we have a UHF- 
algebra A and B = Mjv(C) (N ^ 1) and assume that E N : A — > M N (C) is a 
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canonical conditional expectation and ip = lim ip k : A — > C is a normalized trace. 
Let 



E N {x) = 



( 
1 

o '-.o 



o \ 



and E N (y) = 



V O 10/ 

in Mjv(C). Then 

/7° 



/ 10 

o '■ 





and 



<p{E(x)E{y)) = <p N 

\\o I J J 

V (E(x)) ip (E(y)) = <p N (E(x)) ■ Vn (E(y)) = 0. 
More generally, to satisfy 

f {Kn{ x h i -"J = k n ( x ii i •••) &»„)) 

operators ii,...,i s ei should satisfy ; 



jV-1 




1 

o J 



{*):<p\ II E(Tr\v)(xi 1 ®...®E(Tr\ w )(x il ®...®Xi n )xi :i ®...®Xi n )\ 
\ve7v(o) J 

= II f [E( 7T \v){xi l ® ... ® f [E(ir \w)(xn ® ■■■ ® x in )\ x tj ® ... ® x in )) , 
ven(o) v v ' ' 

for any 7r £ NC(n), where is an inner block having its outer block V, for the 
fixed 7T e NC(n). 

Proposition 2.2. Let B be a unital algebra and A, an algebra over B. Suppose that 
a NCPSpace (A, <p) and an amalgamated NCPSpace over B, (A, E) are compatible. 
Assume that operators Xi, ...,x s £ A (s £ N) satisfy 



(*) • <P II E(TT\ V )(x il ®...®E(TT\ W ){x il 
\Ven(o) 



■ ® x in )x i] ® ... ® x in ) J 
_]1 V> {e(tt \v){xi x ® ... ® if (e(it \w){x ix ® ... ® x in fj x ij ® ... ® x ln )j 



Ve-rr(o) 

for any n £ NC(n), for all i n ) £ {1, s} n , neN, where W £ n(i) is an 

inner block of V £ n(o), for the fixed tt £ NC(n). Then 
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V {Kni x ii > ••■> x i n )) ~ ^n(xi 1 , Xi n ), 

for all (ii, ...,i n ) G {1, ...,s}™, n G N. In particular, 

r Xl ,...,x a (zi, -. z s) = En=i E V (coe^i,..^^!,...^)) Zii-2»„- 

tl 1 ...,tn€{l, •■■>«} 

□ 



IINotationl We will say that operators xi, x s G A satisfy property 
(*) if xi,...,x s satisfy the relation (*) introduced in the previous 
proposition. 

Corollary 2.3. Let B be a unital algebra and A, an algebra over B. Suppose that a 
NCPSpace (A,ip) and an amalgamated NCPSpace over B, (A,E) are compatible. If 
a linear functional tp : A — > C is an algebra homomorphism, then, for xi,...,x s G A 

(s G N), 

r a;i ,...,x.(«i, -,z,) = E~=i E f (coe/ii,...,i„(^ 1 ,...,x.)) Zii-Zin- 

ii,...,i n e{l, ...,«} 

□ 

This shows that it is difficult to verify the relation between r Xli ... iXs and R Xl ,..., Xs - 
This also says that i3-freeness and scalar- valued freeness have a deep gap, in general. 

Theorem 2.4. Let B be a unital algebra and A, an algebra over B. Suppose that a 
NCPSpace (A, tp) and an amalgamated NCPSpace over B, (A, E) are compatible. If 
{xi, ...,a: s } and {y\, ...,yt} are B -free families of B -valued random variables (s,t G 
N) and ifx\, x s ,yi, yt satisfy property(*), then {xi, x s } and {yi, yt} are 
free in (A, tp). In particular, if a linear functional tp : A — > C is nondegenerated and 
if {xi, ...,x s } and {y\, ...,yt} are central in the sense of [20], then the converse also 
holds true. 



Proof. Assume that operators x\, x s , y\, y t satisfies property (*). Then, by 
the previous proposition, we have that 

k n (pi, ...,p n ) = tp (K l n (pi, ...,p n )) , 

where pi, ...,p n G {x 1 , ...,x s } U {yi, ...,y t }- Thus, if {x 1 , ...,x s } and {y x , ...,y t } 
are B-free over B, in (A, E), then a mixed cumulant of x\, x s , yi, y t vanishs ; 

fc„(pi, ...,Pn) = <^(0ij) = 0. 

This shows that all mixed scalar- valued cumulants of x±, x 8 , yi, yt vanish, 
too. Equivalently, {x\, ...,x s } and {yi, ...,yt} are free in (A, tp). 
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Now, suppose that the linear functional ip is nondcgcncrated and assume that 
x\, ...,x s and y\, ...,yt are central. By the property "central", i?-freeness is equiv- 
alent to the statement [all mixed trivial cumulants vanish] (See [20] and [29]). So, 
we have that ; for the mixed case, 

= fc„(pi, ...,p n ) = <p(K t n (p 1 , ...,p„)) 

Kn(PU -,Pn) = 0s, 

by the nondegeneratedness of ip. Therefore, {x±, ...,x s } and {yi, y t } are £?-free 
over B in (A, E) | 

Also, the above theorem says that even under the compatibility, i?-freeness and 
scalar-valued freeness have a deep gap, in general. Actually, the property (*) is 
a very powerful assumption. We redefine the property (*) which is the extended 
concept of having the property (*) 

Definition 2.2. Let B be a unital algebra and A, an algebra over B. Suppose that 
a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are compatible. 
We say that operators x\,...,x s G A satisfy the property (*), if 

k n > ■■■ j x i n ) = V (K n (xi 1 , .. ., Xi n )) , 

for all (ii, ...,i n ) G {1, ...,s} n , n G N. 



2.2. R-transformTheory under the compitablity : Connection between 
scalar- valued R-transforms and operator- valued Moment Series. 



In this section, we will observe the connections between scalar- valued R-transforms 
and operator-valued moment series under the compatibility of a NCPSpace and 
amalgamated NCPSpace. This connection will be used for studying scalar-valued 
distributions of (some) operators and operator-valued distribution of those opera- 
tors. From the previous section, we can compute operator-valued R-transforms and 
scalar-valued R-transforms. Let B be a unital algebra. 

Theorem 2.5. (See Theorem 6, in [17]) Let B be a unital algebra and A, an algebra 
over B. Let {A,tp) and {A,E) be compatible and let xi,...,x s G A be operators 
(s G N). Then {xi, x s } and B are free in (A, ip) if and only if we have that 

K n (x il7 ...,Xi n ) = (<p(b i2 ) ■ ■ ■ (p{b in )) k n (x il7 ...,Xi n ) ■ 1b G B, 



where 
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K n {x il ,...,x in ) = CW (x h <g> b %2 x l2 <g> ... ®6 in a; in ) , 

/or arbitrary b i2 , 6 in G B, and /or aZZ (ii, i n ) G {1, s}™, neN. □ 

The above theorem shows that if some family of operators in A and a unital 
algebra B, in A, are free in (A,tp), then an operator- valued (£?-valued) cumulants 
of those operators are easily expressed in termes of multiplication of some scalar- 
value and scalar-valued trivial cumulants of those operators. 

Corollary 2.6. Let B be a unital algebra and A, an algebra over B. Let (A, ip) 

and (A,E) be compatible NCPSpace and NCPSpace over B. Ifx\,...,x s G A are 
operators (s G and if {x\, x s } and B are free in (A,ip), then there exist 
£*»!,...,»„ £ C, for all (ii, ...,i n ) G {1, s} n , n£N, such that 

Rxi,...,x s fali %s) — i ^ iP^i\ ,---,i n ^ n fail 5 "*5 %i n ) ' 1-b) ^i\"-^i n i 

in Q s Bl as a B-formal series. □ 

By the previous theorem, in particular, we can characterize a ilr .. iirl G C, for 
each (ii, i n ) G {1, s} n ] n G N, as follows ; 

a»i,...,» n = • v(oi 2 ) • • • <^(o in ) G C, 

where 6j 2 , 6j n G £> C A are determined in 

K n (xi^,...,x in ) = C {n) (x^ <g> 6 i2 Xi 2 <8> ... (8> b in x in ) . 

Notice that the above £?-valued R-transform of xi, ■■■,x s , R Xl Xg is a .B-formal 

series, but each coefficient has the form of a • 1b, where a G C. This says that 
we can regard the R-transform, R Xl ,..., Xa , as a scalar-valued formal series, with its 
(ii, ...,i n )-th coefficients 

k n (x^, (f(b i2 )x i2 , <p{bi n )x in ) = {<fi(bi 2 )—<p(bi n )) k n (xi i: x in ). 

Now, we will denote boxed convolution and amalgamated boxed convolution over 
an algebra B by and 0s, respectively. 



Theorem 2.7. Let B be a unital algebra and A, an algebra over B. Let (A, ip) and 
(A,E) be compatible. Ifx\,...,x s G A are operators (s G N) and if {x\, x s } are 
free from B, in (A, ip), then there exists a B-formal series g G 9^ such that 

(zi, ...,z s ) = J2n=i £ [scalar part of K l n { 

ii,...,<„e{i,...,s} 



18 



ILWOO CHO 



Proof. By the previous theorem, we have that, for (ii, ...,i n ) G {1, s} n , n G N, 

^-n fail 5 X in ) (^Zi ; x i n ) ' -^--B — ^ii,...,i n ' 1-B • 

Therefore, in this case, we can get that 

r x 1 ....,x 3 (z\, Z s ) = Era=l S k n (Xi 1 , ...,Xi n )Zi 1 ...Zi n 

»i,...,i„€{l, •■■>»} 
n=l 2^ C»i,...,»„ z ii 

»i,...,»»e{i,...,s} 

= E~=l E I scalar P art 01 ^nO^i ' - 

ii,...,i n €{l,...,s} 

Remark 2.1. Remark that if a set of operators {x\, ...,x s } C A is free from B, in 
(A, ip), then x\, x s satisfy the property (*). Indeed, 

<P { K i( x h,-, x i n )) = V {kn(Xh,-,Xi n ) ■ Is) 
= k n (x lll J • <p(Ib) 

— k n {xi 1 , . . . , Xi n ) , 

/or all (ii,...,i n ) G {l,...,s}™, n G N. 

Corollary 2.8. Let B be a unital algebra and A, an algebra over B. Suppose a 
NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are compatible. 
Let x\, x s , t/i, y s G A be operators such that {x\, x s } and {yi,...,y s } are 
B-free in (A,E). If {x\, x s , yi, y s } and B are free in (A,ip), then 

W < X!,...,x s ,yi,...,y s (zi, z s ) + r yit ... t y e (z 3+ i, z 2s )- 

(2) r x 1 +y 1 ,...,x s +y s {Zl, Z s ) — r Xlj ... jXs (z\, Z s ) + V yit ... t y e (z\, Z s ) 

(3) fiij/i,...,s s j/ s (zi, Z s ) = (T" Xlj ... jXs Tyi,...,y, ) ( z l > z s ). 

Proof. (1) Since a set of operators in A, {x\, ...,x s ,yi, ...,y s } are free from B, in 
(A, f) , by the previous theorem, we can get that 

r xi,...,x s ,y!,...,y s {zi, Z2s) = En=l E c ii ,...,i„ z ii • • - z i„ 

»i ,...,i„G{l,...,2s} 

where 

Cu,...,i n = the scalar part of K f n (p h , ...,p in ) 
with 

{Ki(x il ,...,x in ) or 
^n(j/*i)-.2/*„)) 
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by the B-freeness of {x\, ...,x s } and {yi, ...,y s }- Put 
KKxi^.^XiJ = cf u ... tin ■ l B and K* n {y h , y in ) = 4 u ln ■ 1 B , 
for all (i u ...,i n ) G {1, 2s}", n G N. 
Thus, we have that 

r xi,...,x s ,i/i,...,i/ s ■••7 z 2s) 

= En=l S ..,i n .,i n ) z ii-" z in 

ii,...,» n e{l,...,2s} 

= ^...^(zi, Z s ) + ^...^(Zg+i, Z 2s ). 

(2) Since {xi, ...,a; s ,t/i, y s } are free from B, in (A, ip), so are {x\ +yi, ...,x s + 
y s } and B. Thus 

r x 1 +y 1 ,...,x s +y a (Zl, Z s ) = Xm=l 2 c ii . . ,i„ z ii • • - z i„ 

ii,...,i n €{l,...,s} 

where 

Cn,...,i„ = the scalar part of JC*^ + y^ , x in + y, n ). 
By the B-freeness of {xi, ...,x s } and {yi , .. ., y s }, 

^■ni^il Mil -i ■■ -i x in Vin ) — ^ni x il > ■••> ) {Vil > J/in )' 

for all (ii, i n ) G {1, s}™, n G N. Notice that both {zi, x s } and {yi, ...,y s } 
are free from B, in (A, ip). Hence 

7 ■ • ■ 7 x i n ) — ; ■ • ■ 7 x i n ) ' ^--B — i n ' 1-B 

and 

Kt n (yii,-,yiJ = fcn(y ll ,...,y l J • Is = c% u ..., in ■ Is- 
Therefore, 

Cn,...,i„ • Is = (cf lv .. ;in + c^... ;in ) • l s 
and 

r £ci+j/i,...,x s +y 3 (zi, z s ) = (r Xlj ... ;Xs + J"2/i,...,j/ s ) (zi, z s ). 

(3) Similarly, {xiyi, ...,x s y s } and -B are free in (A,ip). Thus 

?*xij/i,...,x s j/ s (Zl, Z s ) = En=l X c ii,---,in z ii ■•• z i re 

»i,...,t n e{i,...,s} 

with 

Cu,...,i„ = the scalar part of K l n {x ll y il , x in y in ). 

By the i?-freeness of {xi, x s } and {yi, y s }, we have that 
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K n( x iiyh'-> x i n Vi n ) = C ' ( ™ ) ( x iiVii ® - ® x i n Vi n ) 

®t/n ® ... ®£i„ (8>2/i„) 

ir<ENC(n) V 7 

= coef iu ..., in (ir,, , Q /; //;, „ } , 

where CloCy = C \a x * b a v , A x = A\g ({ Xj } s j=1 ,B) and A y = Alg ({y 3 } s J=1 ,B) . 
Notice that, since both {x\, ...,x s } and {y\, ...,y s } are free from B, in (A, ip), 

i X ji ' X 3N ) = i x ji > ■■■j ^j'jv ) ' 1-B 

and 

= few (y n ,...,y jN ) • l s . 

(i.e they are multiplications of scalar-value and Is and hence xi,...,x s and 
yi,...,y s are central !) Thus we can get that 



®2/i! ® •■■ ® Xj„ ® J/i„) 

u-GATC(n) V 7 

= E f^W^u ® -®aO) (CyiKrin))^ ®...®y in )) 

TreWC(n) V 7 V 7 

= E {K(xh, -,#»„) • is) (k Kr (TT){yh, -,yi„) ■ is) • 

w£NC(n) 

Therefore, 

r xiyi,...,x a y a ( 2 1, Z s ) = (t" X1j ... jXs ,...,j/ s ) (^1, • .., Z s ) | 



From now, we will consider the one-variable scalar-valued R-transforms and 
operator- valued ones. As we have seen, if we have compatible (A,ip) and (A,E), 
over B and if x\, ...,x s are operators (s G N) in A, then i n )-th scalar-valued 

cumulants of 

k n ( Xil , ...,x in ) = E I! <p{E(x Vl ...x Vk ))(j,(n, l n ). 

TTeNC(n) (W1,...,V*)€7T 

Now, let x G A be an operator. Then we can consider the n-th cumulants of x, 
for all n G N and, under the compatibility, we can get that 



k n \x, ,x = E I! <^(S(a; fe ))^(7r, 1„). 

v v 'y 7reJVC(n) (wi,...,t;fc)e7r 

\ n— times / 
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Later, what we are most interested in is to compute n-th moments of an operator 
x in A. Since we have a method to compute m-th cumulants of x, as we described 
above, we can compute n-th moments, by using the Mobius inversion. Actually, we 
have that 



<p( xn ) = E ,x = E n k k \x, , 

\ n—timse / 



X 



So, 



e n e n (i^omm*) 

TreiVC(n) (t;i,..., « fc )£7r \eeNC(k) (h ,...,ji)£6 , 



Lemma 2.9. Let B be a unital algebra and A, an algebra over B. Suppose that a 
NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are compatible. 
If x 6 A is an operator, then we can compute n-th cumulants (n € N) of x by 



k n [x, ,x\= E II v(E{x k )) fj,{w,l n ). 

ireNC(n) (v!,...,v k )en 



Also, we can compute n-th moments of x by 



<p(x n )= e n e n <p(E(x i ))»(6,i k ) 

TteNC(n) (v u ...,v k )€ir \8eNC(k) (j u ...,ji)€0 

□ 



By the previous lemma, we can find a scalar-valued R-transform of x and a 
scalar- valued moment series of x, under the compatibility ; 

Proposition 2.10. Let B be a unital algebra and A, an algebra over B. Suppose 
that a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are com- 
patible. If x E A is an operator, then its scalar-valued R-transform and moment 
series as follows ; 



»•*(*) = £~=i E 11 p{coef k {M x ))^,l n )\z n 

\ TreNC(n) (v!,...,v k )eTT I 



m x (z) = EZi[ E II E n <p(coefi(M x ))^e,lk)))z r - 

W€iVC(n)(t)i,...,Vfc)e7r \6eNC(k) {h,...,ji)e6 I I 
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In particular, a scalar-valued moment series of x has the following relation ; 
m x (z) = r x (z- m x (z)) . 

Proof. By the previous lemma, we have, for each n G N, 



coef n (m x {z)) =(p(x n ). 

In general, by Nica (See [1]), if x\,...,x s G (A, tp) are scalar-valued random 
variables (s £ N), then 

rn Xl ,.... Xs (zi 5 • %s) — r Xl _ Xs (zi [rn Xl ^__ Xs (zi , • , z s )) , . .. , z s {m Xl ^ Xs (zi, z s ))) , 

since ///.,. r = r Xli ... iXs H Zeia. | 

2.3. Compatible Subalgebras, in (A, (p), relative to (A, E). 

Until now, we observed the compatibility of a NCPSpace (A, (p) and an amal- 
gamated NCPSpace (A,E). It will be interesting to find an "compatible part" in 
(A, (p), when we have arbitrary (A, tp) and (A, E). In this section, we will not as- 
sume that (A, ip) and (^4, E) are compatible. They are just given NCPSpace and an 
amalgmated NCPSpace over an algebra. We want to observe a "compatible part" 
of (A, ip), with respect to (A, E). 

Definition 2.3. Let B be a unital algebra and A, an algebra over B and let (A, ip) 

be a NCPSpace and (A,E), a NCPSpace over B. A subalgebra A° C A is called a 
compatible Subalgebra of (A,tp), relative to (A,E) if 

ip(x) = tp (E(x)) , for all x G A°. 

Remark 2.2. Let B be a unital algebra and A, an algebra over B and let (A, (p) and 
(A, E) be given NCPSpace and NCPSpace over B, respectively. Then there always 
exists a compatible subalgebra relative to (A, E) called the scalar-valued compatible 
subalgebra which is isomorphic to C, 

C • 1 B = {a ■ 1 B : a G C} C B C A, 

denoted by S. Clearly, for any a ■ 1b = a ■ 1a G S satisfies 
tp (a ■ 1 B ) = a = ip (E(a ■ 1 B )) ■ 




and 
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Thus, there always exists compatible subalgebra relative to (A,E), in (A,tp). 

The next proposition also shows that there always exists a compatible subalgebra 
of a NCPSpace (A, ip) relative to an amalgamated NCPSpace (A, E). 

Proposition 2.11. Let B be a unital algebra and A, an algebra over B. Let (A,ip) 
be a NCPSpace and let (A, E) be a NCPSpace over B, with its B-functional E : 
A^> B. Then B C A is a compatible subalgebra of A relative to (A,E). 

Proof. Clearly, we can get that 
ip(b) = <p(E(b)) 7 for all b G B, 
since E(b) = b, for all b G B. | 

Definition 2.4. Let B be a unital algebra and let (A, E) be a NCPSpace over B. 
Let x G (A, E) be a B-valued random variable. Lt is said that a B-valued random 
variable x has scalar-valued property if there exists a n G C such that 

E(x n )=a n -l B &B, 

for all n G N. 

Notice that we only use trivial moments of x, not general moments of x, in the 
above definition. 

Theorem 2.12. Let B be a unital algebra and A, an algebra over B. Let {A, ip) be 
a NCPSpace and (A,E), a NCPSpace over B, with its B-functional E : A — > B. 
Suppose that xq G A is an operator which is B-central, as a B-valued random 
variable (i.e xob — bxQ, for all b G B) and assume that 

p(a#) = if (E(x%)) , for all n G N. 

If x has scalar-valued property determined by a sequence (a n )™ =1 C C, then a 
free product of an algebra generated by {xq} and B, denoted by A° = Alg({xo}) * 
B C A, is a compatible subalgebra relative to (A,E). 

Proof. It suffices to show that 

p (b 1 x kl b 2 x k2 ...b n x k ^ = p (E{b 1 x k 1 b 2 x k \..b n x k ) ^ , 

for all neN, where fci, k n G N. Remark that here <p can be regarded as <p \a°, 
where A° — Alg {{xq}) * B C A. The above equation can be rewritten by 
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ip ((b 1 b 2 ...b n )x k i+- +k ") = ip (S(6i...6„ • x^+- +k -)) 
p (&<) = <p (E(bx»)) , 

where b — b\...b n G B and N = Y^j=i kj, since x is £?-central. Fix n G N. By 
the above equation, it is enough to show that 

<p (bx^) = ip (bE(xQ)) , for b G £? arbitrary. 

By scalar-valued property determined by (a n )'^_ l and by the assumption that 
a n ■ l B = E(x%), for all n G N, 

a„ = y> , for all n G N. 

And 

y> (bE(xg)) = a N ■ tp(b), for all JVeN. 

Now, consider that, if we put y = Xq G A°, then 

^ (bxg) = <p(by) = k 7r(b,y) 

7teNC(2) 

= k 2 (b,y) + hibjhiy) = k 2 (b, y) + <p(b)ip(y) 
= + <p(b)<p(y) 

since b and y are free in (A°,tp) = (A\g({x }) *B, ip Ui g ({x })*ij) 

= (x$) = <p{b)<p (E(xg)) 

= (p(b) ■ a N , 

hence 

if (bxg) = a N - <p(b), for all N G N. 

Therefore, for any n G N, 
<p(bxZ) = ip(bE(x%)). | 

The above theorem shows how to construct a compatible subalgebra of A, relative 
to (A, E). But this is not a general method to get a compatible subalgebra of (A, ip), 
relative to (A, E). And this construction is very artificial. But this provides us one 
way to construct a compatible subalgebra containing B in (A, ip), relative to (A, E). 
We can see the following special case ; 



Example 2.3. Let B, A, (A, p) and (A, E) be given as before. Let x G A be a 
B -semicircular element in (A,E), in the sense that only nonvanishing B-cumulant 
is the second one, such that 

K^Xq^Xq) = t ■ 1b, for some t G C. 
and 

xob = bxo, for all b G B. 
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Then xq satisfies the scalar-valued property, i.e, for any n e N, 

E(xq) = Ob, whenever n is odd 
and 

E{xl n ) = t 2n ■ 1b, where t 2n G C. 
Indeed, for any n G N, 
E{x 2 n ) E II KUxo,x ) 

TreNC( even '> (2n) (v!,v 2 )eTr 

e n (*-i b )gc-i b . 

7re7VC( el " ! ")(2n) (v 1 ,v 2 )eir 

Remember that a B -semicircular element is B-even. Hence we only need to 
consider NC^ even \2n). Also, recall that, moments of B- central elements are mul- 
tiplicative, like a scalar-valued case. Hence the second equality holds true, in this 
case. (Note that if xq is Not B-central, then we have that 

E (4 n )= E II C(n \ {vitV2) (z ®C(7r \w)(x ®xo)x )), 

7reA r C< e " e ")(2n) (v i ,v 2 ) G7r(o) 

where W is an inner block of (vi,v 2 ), if exists.) 

Now, fix a linear functional <p : A — > C. Ifx a is centered for ip and E (i.e f(x ) = 
and E(xq) = §b), then (Alg({x }) *B, ip) C (A, (p) is a compatible subalgebra, 
relative to (A, E). Since xq is centered for <p and E, we have that <p(xq) — ip (E(xq)) . 
Moreover, by the previous observation, <p(xQ n ) = (p (E(xQ n )) , for n e N. 



2.4. Construction of a compatible NCPSpace (A, ip') related to the given 

(A,ip) and (A,E). 

In this section, we will consider how to construct a NCPSpace, (A, ip'), when 
a NCPSpace (A,tp) and an amalgamated NCPSpace (A, E), over a unital algebra 
B C A are given. The following proposition makes us possible to construct a new 
NCPSpace (A, <p'), which is compatible with (A, E), for the given (A, ip). 

Proposition 2.13. Let B be a unital algebra and A, an algebra over B. Suppose 
that we have a B-functional E : A — > B and a linear functional ip : B — > C. Then a 
NCPSpace (A, <p) and a NCPSpace over B, (A, E), are compatible, where <p — ipoE. 

Proof. Put tp = ip o E : A — >C. Then it is trivially a linear functional and hence 
(A, ip) is a NCPSpace. By definition of ip, we have that 

p(a) = 4> (E(a)) = iP (E 2 (a)) = <p (E(a)) , 
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for all a G A. Therefore, (A, ip) and (A, E) are compatible via ip : B — > C. | 

The following theorem shows us that if we have arbitrary NCPSpace {A, ip) and 
amalgamated NCPSpace (A, E), where B C A and E : A — > B is a ^-functional, 
then we can construct a NCPSpace, (A, ip'), which is compatible with the given 
amalgamated NCPSpace, (A, E). 

Theorem 2.14. Let B be a unital algebra and A, an algebra over B. Suppose that 
we have a NCPSpace (A, ip) and a NCPSpace over B, (A, E), with its B -functional 
E : A — > B . If we define ip' = ip o E : A — > C, then a new NCPSpace (A, ip') and 
(A,E) are compatible. 



Proof. Let ip = ip \b'- B — > C. Then ip is a linear functional from B into C. Define 
a new linear functional, 

<p' = ip o E : A -» C. 

Then this new linear functional satisfies that 
tp'(a) = ipo E(a) = <po E(a) = ip (E(aj) , 

for all a G A. Therefore, we can get that (A, <p') and (A, E) are compatible. | 



2.5. Amalgamated Semicircularity and Semicircularity. 

In this section, we will consider the semicircularity and amalgamated semicircu- 
larity under the compatibility. 

Definition 2.5. (1) Let (A, ip) be a NCPSpace. A scalar-valued random variable 
a E (A, ip) is semicircular, if only the second (scalar-valued) cumulant is nonvan- 
ishing. i.e 



"n 




ifn = 2 



otherwise. 



We say that a family of random variables (s G N), {ai, a s }, is a semicircular 
system if each aj (j = 1, s) is semicircular and {ai}, {a s } are free in (A, ip). 
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(2) Let B be a unital algebra and (A,E), a NCPSpace over B, with its B- 
functional E : A — > B. A operator-valued random variable a G (A, E) is B- 
semicircular (or amalgamated semicircular over B) if only second (operator-valued) 
cumulant is nonvanishing. i.e 



K n [ a, ,a\ = C (n) (a®6 2 a® ...®b n a) 

\n— times/ 

(a®b 2 a) = K 2 (a,a) ifn = 2 
b otherwise, 

where b 2 , b n G B are arbitrary, for each n€N and C = (CW)^ =1 G / (A, B) 
is the cumulant multiplicative bimodule map induced by E, in the sense of Speicher. 
We say that a family of B -valued random variables (s G fi), {a\, ...,a s }, is a B- 
semicircular family if each aj (j = 1, s) is B -semicircular and {ai}, {a s } are 
free over B, in (A,E). 



Remark 2.3. The above definitions of semircularity and amalgamated semicircu- 
larity are purely combinatorial and purely algebraic. Originally, by Voiculescu, they 
are defined on a C* - (or W*-) algebra framework. Suppose that we have a unital 
C* -algebra B and C* -algebra A containing B, as its C* -subalgebra. Let ip : A — > C 
be a state and E : A — > B, a suitable conditional expectation. (ip(x*) = <p(x) G C 
and E(x*) = E(x)* G B, for all x G A) Then we have a C* -probability space (A, ip) 
and an amalgamated C* -probability space over B, (A,E). We say that a scalar- 
valued random variable a G (A, ip) is semicircular if a is self-adjoint and the only 
nonvanishing cumulant of a is the second one. Also, we say that an operator-valued 
random variable a G (A, E) is B- semicircular (or amalgamated semicircular) if a is 
self-adjoint and the only nonvanishing operaotr-valued cumulant of a is the second 
one. So, originally, we are very much needed the * -structure in both scalar-valued 
ane operator-valued cases. But, in our definition, we drop this. Of course, we can 
consider the * -structure on our algebras B and A and we can add self-adjointness 
in our definitions. But, in this Section, we will only consider the combinatorial 
properties without ^-structure. 



If a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E), are com- 
patible, there are following semicircular- i?-semicircular relation ; 



Proposition 2.15. Let B be a unital algebra and A, an algebra over B. Suppose 
we have a NCPSpace (A, ip) and a NCPSpace over B, (A, E), with its B -functional 
E : A — > B. Assume that (A, ip) and (A, E) are compatible. Then 

(1) if a B-central B-valued random variable a G (A, E) is B -semicircular and if 
a G (A, E) satisfies the scalar-valued property , then 



28 ILWOO CHO 

k n la, , a I =0, for any odd number n 

\n— times/ 

and 



kn\a, ,o = E 11 E i fe(2) M^W, 

\ S » '/ 7reATC< et ' c ™)(2n) \(ui,...,D2fc)ew V SeNCC 6 " 6 ™) (2fc) II 

\2n— times/ 

where k{2) is the number of pair blocks of 9 G NC 2 {'ik), only depending on k G N, 
for all n G N. /fere, the numer "t" is gotten from 

K\{a, a) = t ■ 1b- 

(2) if a random variable a G (A, ip) is semicircular and if a is free from B, in 
(A,ip), then a is B- semicircular, as a B-valued random variable. 



Proof. (1) Let a G (A, E) be a B-semicircular element. Then, by definition, 



K n [ a, ,a =C(") a® ® q 

\n— times/ \ n-times 

CM(a,a) = K 2 (a,a) if n = 2 
Ob otherwise, 

where C 1 = (C^)^ G /(A, J3) is the cumulant multiplicative bimodulc map 
induced by E. Assume that K 2 (a, a) = t ■ 1b- Then, 

E(a n ) = B , if n is odd 
and 

E{a^)= J2 J! K 2 (a,a), 

where 

ATC(^ e ")(2n) = {9 G 7VC(2n) : does not contain odd blocks}. 

(Recall that, by [20], f?-semicircularity implies the 5-evenness.) 

Notice that the above equality holds true, because xo is B-central (i.e x 6 = bx 0} 
Vfe G B). By Section 2.1, 



kn [ a, ,a = E II ^(^(a fe ))M(^,ln) 

v v '/ 7r£JVC(n) (wi,...,« fc )eir 
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'0 if n is odd 

E II f (E(a 2k )) fj,(n, l n ) if n is even. 

k w£NC( even )(n) («i,.--,«2*)€ir 

Then, for any n G N, 



feJfl, ,a]= E II ^(^(a 2fc )) Ufr.lan) 

\ V " / 7reA r C<= t "=")(2n) »j fc )6)i / 

\2n— times/ 

E ( 11 ¥>( E II #2(0, a) J 

TreiVCt 6 " 6 ™) (2n) \(«i,-.«2fc)€7r V^eWC^") (2fc) Oi,tu 2 )€0 // 

e ( n <p( e n hW.w 

7 reAfC(= t " ! ")(2n) »j fc )6)i \0e ATC( e " e ") (2fe) (u>i ,«J2)e0 // 

E ( EI ( E t^]UKl2n). 

7reAfC<= t " ! ")(2n) \(«i,-.«2fc)e7r \t9e ATC<"=") (2fe) / / 

(2) Suppose that a G (A, ip) is a semicircular. Since a and i? are free in (A, ip), 
by Section 2.2, we have that 



• is 



a, -— ,a 


= k n 


a, ■ 


V n — times / 




\ n — times / 



k 2 (a, a) ■ 1 B if n = 2 
Ob otherwise. 
Therefore, a is B-semicircular. | 



Corollary 2.16. Let B be a unital algebra and A, an algebra over B. Suppose 
that (A, ip) is a NCPSpace and (A, E) is a NCPSpace over B, with its B-functional 
E : A — > B. Assume that (A, ip) and (A, E) are compatible. Fix s G N. If{x\, x s } 
is a semicircular system and if{x\, x s } isfreefromB, in (A,ip), then {x\, x s } 
is a B -semicircular system. 



Proof. By the freeness of {xi, ...,x s } and B, by (2) of the previous proposition, we 
have that each Xj (j = l,...,s) is _B-semicircular, again. Also, by the compatibil- 
ity, we have vanishing mixed operator- valued cumulant of x\, x s . Indeed, mixed 
operator- valued cumulants are ; 



K n (xi 1} —,Xi n ) = C (n) (x tl <g) b l2 x l2 <g> ... <g> h n x in ) 
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where bi 2 ,...,bi n G B are arbitrary and where C = (C^)^_ 1 G I(A,B) is the 
cumulant multiplicative bimodule map induced by E 

= (V( & * 2 ) ' ' ' ¥>( & »J) K( x ii>-> x i n ) ' l B 

by the freeness of {xi, ...,x s } and B, in (A, ip) 

= (<p(b i2 )---<p(b in ))(0)-l B =0 B , 

by the freeness of {xi}, {x s }, in (A, ip). Thus {xi, ...,x s } is a £>-semicircular 
system. | 



2.6. Amalgamated Evenness and Evenness. 

In this section, we will consider the evenness and amalgamated evenness under 
the compatibility. 

Definition 2.6. Let B be a unital algebra and A, an algebra over B. Suppose that 
we have a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A,E), with 
its B -functional E : A — > B. 

(1) A random variable a G (A, ip) is even if all odd cumulants of a vanish, i.e 




= 0, for all odd number n G N. 



(2) An operator-valued random variable a G {A,E) is B-even (or amalgamated 
even) if all odd cumulants of a vanish, i.e 




= C (n) (a ® b 2 a (g ... <g> b n a) = B , 



for all odd number n G N, where b 2 , b n G B are arbitrary and C = (C^)^ G 
I(A, B) is the cumulant multiplicative bimodule map induced by E. 



Remark 2.4. Similar to the semicircular- case, evenness is defined originally on 
^--structure. So, self-adjointness is needed. However, like the previous section, we 
will only consider the pure combinatorial properties. 



In [20] , we observed that ; 
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Proposition 2.17. (See [20]) Let (A,E) be a NCPSpace over a unital algebra B. 
If a B-valued random variable a £ (A, E) is B-even, then 

(1) all odd moments vanish. (The converse is also true by the Mobius inversion.) 

(2) we have that, for any n £ N, 



NC (even) ( 2n ) = { n e NC(2n) : tt does not contain odd blocks} 

and b2,-..,b n £ B are arbitrary. Here, an odd (resp. even) block means a block 
containing odd (resp. even) number of entries. □ 



Proposition 2.18. Let B, (A, ip) and (A, E) be given as before. Assume that (A, ip) 
and (A, E) are compatible. 

(1) Let a £ (A, E) be even. Then a £ (A, ip) is even. 

(2) Let a £ (A,ip) be even. If a is free from B, in (A,ip), then a £ (A,E) is 
B-even. 



Proof. (1) Let a £ (A, E) be a B-even element. Observe that 



whenever n is odd, since there always exists odd block (vi, ...,«/) £ tt, for each 
tt e NC(n). So, 




E 



E(tt) (a ® b 2 a <S> ■■■ ® b 2n a) fi(n, l2n) 



7reAfC< c «' c ")(2n) 



where 





Therefore, a is (scalar-valued) even, too. 
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(2) Now, suppose that a S {A, p) is even and assume that a is free from B, in 
(A, p). So, we can get that 



K n I a, .. a I = C (n) (a ® 6 2 a <g> ... <g> 6„a) 

\ n— times / 

where 62, S B are arbitrary 

= (<p(6 2 ) • • • <f(b n )) K I a^^a • 1 B 

\n— times/ 

by the freeness of a and i?, in (A, ip) 
= Ob, 

whenever n e N is odd, by the evenness of a e (A, ip). Therefore, a is S-even, in 
(A,E). I 



Theorem 2.19. Let B be a unital algebra and A, an algebra over B. Suppose that 
a NCPSpace (A, ip) and an amalgamated NCPSpace over B, (A, E) are compatible. 
Let a G A be an operator and let a linear functional <p be nondegenerated. Then 

a is B-even if and only if a is (scalar-valued) even. 



Proof. (=>) It is followed from Proposition 2.18, (1). 
(<=) Assume that a 6 A is even. Notice that 

\a is i3-evenl ^[all odd B-cumulants vanish] ^ [all odd _B-moments vanish]. 

The (*)-relation holds by the Mobius inversion (See Proposition 2.7, (1)). So, it 
suffices to show that all odd _B-valued moments of a vanish. Trivially, since 

cp(x) = p (E(x)) , for all x E A, 

we have that 

ip(a n ) = p (E(a n )) , for all neff. 

Now, let n be odd. Since all odd moments <p(a n ) vanish, all odd B-momcnts 
E(a n ) vanish, by the nondegeneratedness of p. | 
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